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SOME METHODS OF SPEEDING UP THE CONVERGENCE
OF ITERATION METHODS*

B. T. POLYAK
(Moscow)

(Recetved 26 November 1862)

For the solution of the functional equation
P(z)=0 ()

(where P is an operator, usually linear, from B into B, and B is a
Banach spece) iteration methods are generally used, These consist of the
construction of a series x% ..., z" ..., which converges to the solu-
tion (see, for example (1)). Continuous analogues of these methods are
also known, in which a trajectory x(t), 0 <t < o is constructed, which
satisfies the ordinary differential equation in B and is such that x(t)
approaches the solution of (1) as t » o (see [2]). We shall call the
method a k-step method if for the construction of each successive iters-
tion x"*! we use k previous iterations x", ..., x"**l The same term
will also be used for continuous methods if x(t) satisfies a differential
equation of the k-th order or k-th degree. Iteration methods which are
more widgly used are one-step (e.g. methods of successive approximations).
They are generally simple from the calculation point of view but often
converge very slowly. This is confirmed both by the evaluation of the
speed of convergence and by calculation in practice (for more detsails
see below). Therefore the question of the rate of convergence is most
important. Some multistep methods, which we shall consider further, which
are only slightly more complicated than the corresponding one-step
methods, make it possible to speed up the convergence substantially. Note
that all the methods mentioned below are applicable also to the problem
of minimizing the differentiable functional f(x) in Hilbert space, so
long a&s this problem reduces to the solution of the equation grad f(x) =0,

* Zh. Vych. Mat., 4, No. 5, T91-803, 1964.
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2 B.T. Polyak

1. The convergence of multistep methods

We shall begin with some supplementary statements, related to the
spectral theory of operators in Banach space B. We shall denote by o(T)
the spectrum of the linear operator T from B into B (all linear oper-
ators are assumed to be bounded).

Lemma 1. Let T; and Ty be commutative operators. Then if A & o(T; +
T3), there exist A; S o(Ty) and Ay &= o(Ty) such that A = A + Ay, If
A & o(T\Ty), there exist A; = o(Ty) and Ay € o(Ty) such that A = A)A,.

Proof. Let us consider a commutative normalized ring, generated by
the operators Ty, Ty and I, their resolvents (T} — myID) =}, (T3 - up)~!
for all p, & o (T,), py £ 0 (T;) and the resolvents of their sum
(T, + Ty —ul)? for all peEao (T, + T,). Here and further on I is
the unit operator. In such a ring the spectrum of T as an operator co-
incides with the spectrum of T as an element of the ring for 7 equal to
Ty or T; or T; + Ty, Applying to these operators the results (3] (viz.
Theorem 4, p.32, and property (a) p.30) we obtain the first statement of
the lemma. Similarly if we include in the ring the resolvents (TTp -
w=1, u € o(T Ty) and use property (b) p.30 (see [3]) the second state-
ment of the lemma is obtained.

Lemma 2. Let Ty, ..., T, be mutually commutative operators, and
P(A;, ..., M) polynomials in Ay, ..., Ap. Then if A &€ o(P(Ty, ..., Tp)),
there exist A; & o(Ty), .... A, & o(TR) such that A = P(Ag, ..., Ap).
This lemma follows directly from Lemma 1.
Let us consider the space Bk =B x B x ... x B with elements X =

(21, ..., %), x1 € B, ..., x, & B; Bk itself becomes a Banach space
if we introduce the norm

1xi=( 3 1=p)"

Let T be a linear operator from B* into B". given by the operational
matrix ((T,;]-)), i, j =1, ..., k, where Tij are lipnear operators from B
into B. In other words

K
X = Yv Y = (ylr e oey yk)9 = 2 Tijxj-
F=1

Let us assume that all T; j are mutually commutative. We shall denote lT}
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the "determinant® of T - the linear operator from B into B, formed from
Tij by the same rule as in the determinant of a numerical matrix.

Lemma 3. If A = o(T), then 0 < o(|T - AI|).

Proof. 1f 0 & o (|(T — Al}), then |T — AI|? exists. Then the
operational matrix S = ((Sij)), i, j =1, ..., k, where Sij = |T - AI|‘1
A;j, and A;; is the cofactor of the element T;; - 5;;Al (i.e. the linear
operator from B into B, obtained from the elements T — Al by the same
rule as the cofactor for a numerical matrix), is the inverse of the oper-
ator T — AMl. This is verified in the same way as for the case of numeri-
cal matrices. But this is impossible since, according to the assumption,
A& oD, i.e. (T - Al)-1 does not exist.

Lemma 4. Let T be the same as above, A & o(T). Then we can find
7\1-1- = U(Tij)- t, j =1, ..., k, such that A is an eigenvalue of the
numerical matrix A = ((A;;)), 1, j =1, ..., k

Proo{. Since A & o(T), according to Lemma 3, 0 & o(|T - AIl. But
lT - M} is a polynomial in the operators T, j and so, applying Lemma 2
and using the determinant |T|, we arrive at the conclusion that A €
a(Tl-j), i, j =1, ..., k, can be found such that |I\ - A = 0, where
A=), i, j=1, ..., k, and |A - AI| s the determinant of this
numerical matrix. This proves the lemma.

In the case where all T; j are functions of one operator Lemma ¢4 can
be made more precise.

Lemma 5. Let A be a linear operator from B into B, T;; = f;;(A) and
fij(A) analytic functions in some neighbourhood of the spectrum of A,

T= ((Tij)), i, =1, ..., k and p & o(T). Then there exists A & o(A)
such that u is an eigenvalue of the numerical matrix ((fij(M), i, J =
1 k. .

P se ey

The proof is exactly the same as for Lemma 4 but instead of Lemma 2
the theorem of spectral transformation must be used ([4], p.607T).

Using Lemmas 4 and 5 we can evaluate |T"| and l}e'T |, which we shall
need later on.

Lemma 6. Let

T = (T)). i,j=1,...,k,and sup  max |p,| < g,
{}ij €0(Ti;) } 158Kk

where p;, ..., p, are eigenvalues of the matrix A = ((7\”-)), 1,j=1,... .k



4 B.T. Polyak

Then |T"| << C (e) (g + &), e >0 1is arbitrary. If T is the same as in
Lemma 5 and

sup max | %] < ¢,
rEa(4) 1<k

where T3, ..., T, are eigenvalues of the matrix ((f,-j(?\)), i, j =1,
..., k then the same evaluation holds.

Proof. From Lemma 4 (or 5) and the given assumptions it follows that
lul <q for all u € o(D. But

lim | 7" = sup |p|
n-+00 pezo(T)

(l4], p. 80T), i.e.
lim | T" " < g,
n—=>00

which proves the lemma.

Lemma 7. Let

T=(Tw), iy=1...,k and sup maxRep,r.
{M7S0(T i} 1ok

Then [e!T|<{C (e) ¢!, This evaluation is true if T is the same as
in Lemma 5 and

sup max Re 1, <{r.
2E0(4) 1S5k

Here p, and T are the same as in Lemma 6; >0 is arbitrary.

Proof. From Lemma 4 (or 5) and the given assumptions it follows that
Re u<{r for all u & o(T. But

lim—:— log | €T | = sup Rep
t—00 peEsT)

([4]. p.623), which proves the lemma.

The values obtained permit us to investigate the behaviour of the
iteration sequence in B*

X" = TX" 2)
and the solution of the differential equation in B*
X _ X, (3)

dt
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Lemma 8. Let the conditions of Lemma 6 be satisfied. Then for any X°
for the series (2)

IXT<C ()] X (g + &)

Actually, [ X" | =[T"X°|<| T |} X°|.

Lemma 9. Let the conditions of Lemma 7 be satisfied. Then with any
X(0) for the solution of (3) we have the evaluation

X @] <C (e) | X (0)] ettr+o,

Actually, |X (1)] ={e'TX (0)|<C[etT ] X (0)].

These results may be used to study the convergence of the iteration
series

2l = Ta" + .. + Than-ki 4)
or for the solution of the equation

dz 1 P dz

‘;it—k=T1'dt—,,_1‘+"'+Tk—1T+Tkz (5)
in the original space B.
Theorem 1. Let Ty, ..., T, be mutually commutative linear operators

from B into B, and

_sup  max |p,| < g,
{)iEG(T‘l)} 1<k

where p), ..., P, are the roots of the equation pk = Alph'l LA 2 YOS
Then for any x% ..., x*k-! for the series (4)

11<C @ (Z 121) (@ + o

If T, = y,(1), 4 is a linear operator from B into B, f;(A) are functions
which are analytic in ‘some neighbourhood of the spectrum of A and

sup max | 1,| < g,
re=0(A) 18Kk

where T, ..., T, are the roots of the equation TF = fi(Ayrk-? + | +
Fi(\), the same evaluation holds for || zn|l.
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Proof. Consider the series Xk & Bk, where X" = (=™, . . ., e,

and z'e= B are terms of series (4).

As can be verified without difficulty, the relation X" '=TX", is
true, where the linear operator T from B* into B* is given by the oper-
ational matrix

o I 0
=1, I
Tk Tk-l T1

For this matrix the condition of Lemma 6 is satisfied so long as

0 1 ...0
A=ly % 1
Me hieg. by

Its eigenvalues are the roots of the equation p¥=A,p¥14...4A; and
therefore the fulfilment of the conditions of the lemma follows from the
assumption of the first part of the theorem. The situation is also simi-
lar for the second part of the theorem. Now using Lemma 8 we obtain

k-1 R ‘/r
IX<C @IX @+ o bue XY = (2 1=0F) S,
which proves the theorem.

Theorem 2. Let Ty, ..., T} be mutually commutative linear operators
from B into B and

sup max Rep, < r.
{).‘ Eo(T; )} 1Sk

Then for any z (0), ..., d*1 z (0)/dt*-1 equation (5) has a solution and

k-1

<co(y

j=0

djzo 2\ s

| &=
TS
This evaluation holds if

Ti=f;(A) and sup max Ret, <
Aso(4) 1<k
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Here pg, 75, fi, A and € are the same as in Theorem 1.

Proof. Let us introduce X(t) & Bk, X(t) = (x(t), ..., dk=1 x(t)/
dt"‘l), where x(t) satisfies (5). Then, as we can easily verify,
dX(t)/dt =TX(t) where T is the same operational matrix as in Theorem 1.
Further proof is carried out in the same way as in Theorem 1 but with
reference to Lemmas 7 and 9.

Theorems 1 and 2 permit us to prove the convergence of the linear
multistep methods for the solution of the linear equation

Az = b, (6)

Theorem 3. Let Ty, ..., T}, A be mutually commutative operators from
k-1
B into B and @, ..., o numbers, such that 2 a; = 1. Let

i=0

sup max |p,| << ¢ <1,

re0(4). {M4E06(Ty)) 1K<k

where p,;, ..., p, are the roots of the equation

k-1
pF = 2 (@; + Aiiy)) pt

i=0

Then the solution x* of equation (6) exists and is unique, and for any

x®, ..., x*-1 the series

k-1 k-1
Il = 2 ozt + 2 Ti (Azt — b)
i=o i

=0

converges to x* at the rate of the geometric progression
k-1 \
|z~ 2l<C O (T 12— =) + o
1=0

This evaluation is true if

T; = f; (A) and sup max |7,| < g <1,

ASo(A) 1K
where T3, ..., T, are the roots of the equation

k—1

T = gﬂ (¢ + fisg (W) A) 7.

Proof. Since p = 1 is a root of the equation
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k-1
pr = 2 i,
]
the assumption that 0 € o{A) contradicts the condition lpsl <1 for all

1<s<k M=o (4), and A o (T). Therefore an operator A~}
exists and a solution of (6) exists and is unique, x* = A-!b, For yn =
x® - x* the recurrence relation

k-1
yt = 3 @+ Toud) .

holds. For this sequence the conditions of Theorem ' are satisfied and
so |y <<C (e)|y°| (¢ + )", which proves the theorem.

Note. The statement, similar to the second part of the theorem, for
the case of self-conjugate operators in Hilbert space is proved in (5].

Theorem 4. Let Ty, ..., T, A be mutually commutative operators from
B into B and

sup max Re p, < r <0,

rea(A), { ) €a(T)} 1Sk

where p;, ..., pp are the roots of the equation p¥ = Apf1 4 ...
4+ Ag-1 P + Ah.  Then the solution x® of equation (6) exists and is
unique, and for any z {0), ..., d*1z (0)/dt*-1 the solution of the differ-

ential equation

dkz d* 1y dz g
—F = =y e TA’-IZT-" Te(Az —b)

exists, is unique and converges to x*, where

i
[z @) — 2] <C (&) Rettr+o), %‘élﬁ<c () Rete, =1, k1,
iz oy
— — . \ ——
R (||z(0) o P+ él = ) .

This same evaluation holds if
T; ==f; (A) and sup max Rer, < r <0,

rEa(A) 1SR

1

where Ty, ..., T, are the roots of the equation % = f (A) Tt L+ ..

+ feaA) T+ (W) A



The convergence of iteration methods 9

Proof. The assumption that 0 & o(A) contradicts the conditions of the
theorem, so long as, in this case, p =0 (or T =0) is a root of the cor-
responding equation. Therefore a unique solution x*=A-1b exists. Using
the notation y(t) =x(t) —x*, we obtain for y(t) the differential equation

4y
di*

d*- d
S i RERP NS 7

dik1
The application of Theorem 2 to this equation completes the proof.

Let us now turn to the investigation of the nonlinear case. The
possibility of extending the results obtained to this case follows from
the lemmas below.

Lemma 10. Suppose that the linear operator T satisfies the condition
IT*I<C (e) (@ + )", ¢g<4, and |Y (X)|=o0(|X]|). Then the series

X" =TX" +7Y (X"

approaches zero with sufficiently small X°, where |X"]<CC’(e)| X9 %
@+ e

Lemma 11. Let [T < C (e)et™®, r <0, and [Y (X)| = o (| X)),
where Y(X) satisfies a Lipschitz condition in the neighbourhood of zero.
Then the solution of the equation

S =TX+Y(X)

exists for sufficiently small X(0) and X (¢)| << C’ (e)| X (0)]e'tr+e.

The proof of these lemmas is carried out in exactly the same way as
one of the proofs of the known theorems of stability for the finite-
dimensional case (see, for instance, [6], Chap. 4).

Note. In Lemma 11 a Lipschitz condition for Y(X) is required only in
order to stipulate the existence of the solution of the differential
equation. In the finite-dimensional case & sufficient requirement is the
continuity of Y(x).

We now quote theorems on the convergence of multistep methods for the
nonlinear case. These theorems are proved in exactly the same way as the
corresponding Theorems 1-4 for the linear case taking Lemmas 10 and 11
into account.
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Theorem 5. Let the conditions of Theorem 1 be satisfied, while g <1
and [y (2)|=o(z[); ¢ =1, ..., k. Then for any sufficiently small

z% ..., x*-! the series

k-1
2t = 3 (@™ + Yiua (7))
i=0

converges to zero, and

. k“l I‘)!‘
1z @ (S 128) @ + o
Jum()
Theorem 6. Let the conditions of Theorem 2 be satisfied where r < 0,
1y ()] = o ({z]) and y(x) satisfies a Lipschitz condition in the neigh-
bourhood of zero. Then the equation

d¥ a*1 d
7‘7?”7‘1‘”—;"*‘ coo o Thy o+ Tiz + 7 (2)

has a solution for sufficiently small =z (0), ..., d*1 z (0)/dt*-1, where

& iz ) |

di:e(z}%<c(e) (Zi 7 [
=0

det

2y e
) gllr+e), i==0,..., k=1,

Theorem 7., Let x* be a solution of the equation P(x) = 0, where P is
a nonlinear operator from B into B, which has a derivative P’(x*) at the
point x*. Let Ty, ..., T, be linear operators which are commutative among
themselves and with P'(x*), and
sup max [p] <g<1,

(Pt 1<s<h
{ Ri EG(T:‘}}

where py, ..., pi are the roots of the equation
k-1

k-1
Pk = gﬂ (at -+ }'Hl;") Pi; 2 A = 1.

i=0

Then for any x°, ..., z*-!, sufficientlv close to x*, the series

k-1 k=1
2L = 2 ozt - 2 Tin Pz @
i=0 i=0

converges to x”, where
k-1

Jzr — 2*| < C (e)(Z [zt — x"d’)"(ﬁ- ey

3=
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This is true if

T; = f; (P’ (z")) and sup max |1,| < ¢ <1,
Ao (P'(a")) 1ok

where T3, ..., T are the roots of the equation
k-1
= 2 (s + fieg (A) A) T
=0
Proof. Since P(x) is differentiable at x* and P(x*) =0, then P(x) =

P'(x*)(x - 2 + y(x - z*) where |y (z— z")} = o (Jz — z"]). There-
for (7) can be written as

k-1 k-1
2 = 3wt 3 TP’ (@) @ = 2) + 3 Ty (a6 2,
i=0
k-1
Introducing z" = x" - x* and using the fact that 2 oa; = 1, we obtain
i=0
k-1 k-1
= 3 (& + TinP’ (29) 24 + 3 Topgy (2279,
i=0 im0

Now we only have to use Theorem 5 to complete the proof.

Theorem 8. Let P(x*) = 0 and the operator P(x) have & bounded deriva-
tive P'(x) in some neighbourhood of x*. Let T;, ..., T, be linear oper-
ators, commutative among themselves and with P’(x*) and

sup max Re p, < r <0,
2ee(P(x*)) 198Kk
{r E0(Ty)}

where p;, ..., pj are the roots of the equation p* = Ajp*-1+4- ...
+ Ak, + Axh.  Then for any sufficiently small x(0) - x*, dx(0)/dt,
.., dk=1x(0)/dtk-1 the differential equation

d dk-l d . \
E A S S ®

has a solution, where

[z (8) — 2°| < C (e) Rettr+o), "Z‘f’ < C () Retrvo, i1, . k—1,
dz(O)
—_ 2 -J—
= (120 — =1 E X D :

This is true if
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Ti=fi (P’ (z*)) and sup max Rert,<<r<0,
Ao (P’ (x*)) 158Kk

where Ty, ..., T, are the roots of the equation % = f; (A) v%1 4 ...

+ fia M) T+ fi W) A

The proof is carried out as for the above with reference to Theorem 7.
The boundedness of the derivative P’(x) is necessary in order to satisfy
the Lipschitz condition for y(x).

Note that for nonlinear problems we have obtained only local theorems
on convergence. Nonlocal results of this type would be very interesting.

2. Examples, the numerical aspect

Let us now consider in more detail some two-step methods and show
that they actually speed up of the convergence in comparison with the
corresponding one-step methods. We shall study the method

2™ = g* — aP (z") + B (z" — z™?) ©)
and its continuous analogue
d? d
S = 5+ ol (2). (10)

Note that methods of the type (9) are widely used in linear algebra for
speeding up the convergence of iterative methods of solving linear equa-
tions. Methods such as Lysternik’'s, conjugate gradients, Abramov’s,
Faddeyev’' s "general three-term iteration process", etc. all have the
same form as method (9), but with variables « and P (see (7], cnap.9).
Method (9) with constant « and P for problems of linear algebra was put
forward by Frankel ([8), see also (9], pp.255-261).

We now mention & theorem on the convergence of methods (9) and (10).
Here we limit ourselves to the case where P(x) is a potential operator
(i.e. the gradient of some functional) in Hilbert space. Then the one-
step methods

= g% — aP (z7), (11)
dz/dt = aP (z) (12)

are simply the gradient methods of minimizing this functional (see [10]).
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Theorem 9. Let the functional f(x), given in some region S of Hilbert
space H, be differentiable in some neighbourhood of the point z* & S,
i.e.

flz +y) = f(2) + (P(x),y) +o(lyl),

where P(x) is the gradient of this functional at the point x. Let
P(x®) = 0. Let us assume that f(x) is twice differentiable at x°, i.e.

@& +y)=F@)+ P@), y) + T (A +o(lyl?),

where A is a self-conjugate operator from H into H. Suppose that for all
y&EH

Then:
(1) x* is a local minimum point of f(x);

(2) for 0 < a < 2/M, for all x° sufficiently near to x*, the series
(11) converges to x*, while [z"— z"| << C, (e)[2° — z°| (g, + e)*,
0< <y, ¢ =max {{1 —am|, |1 — aM|}). The quantity q; is a
minimum and is equal to

- _ M—m _ .
ql__—M+m for a———-——M+m H

(3) for NP <1, 0<a<<2( +B)Y/M for any z° x!, sufficiently
near to x*, the sequence (9) converges to x*, where [z"— z'[< C, (¢)

(2 — =" + |2 — 2*F)'n (g, + )", 0 < g, << 1. The quantity g; is a
minimum and is given by

- VE—-Vm _ 4
BEVHI VR T VR VAr
_(VE—Vm)\
b= (e )

In sddition let f(x) be twice differentiable in the neighbourhood of
x* and the second derivative be bounded there. Then:

(4) for any x(0), sufficiently near to x*, and any « < 0 equation
(12) has a solution, where |z (t) — z°|<< Cs (e} z (0) — z°|e!tm+e),
r,=am<_0;
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(5) for any sufficiently small x(0) — x*, dx(0)/dt and any o3 < 0,
az < 0, equation (10) has a solutionm, where |z () — 2’| << C, (e)Re tirs+o),

2@ — 2+ 3 [ 222 )
2= S|5)
rzzfﬁi}f—g_, g = max {0, a? + 4a,m)}.

Proof. The first statement of the theorem is obvious. The second and
fourth statements may be obtained without difficulty from the results
given above, but we shall not dwell on this because these statements
were known previously [10]. We turn now to the proof of the third state-
ment. Obviously method (9) is a particular case of method (7) with k = 2,
ag=1+8a,=—B8, (¢ +a)=1, Ty=—al, T,=0, To apply
Theorem 7 it is sufficient to verify that

sup max {|p;|, lpaf} < g < 1,
Aesa(4)

where p;, pz are the roots of the equation p? = (g — ad) + a,, 1i.e.
the equation p* — (1 + B8 — aAh)p — P =0 (so long as A = P’ (z").
From the assumption (13) it follows that if A &o(4), then m A<M
Therefore it is sufficient to prove that

sup max {|p], |pPa]} < g2 < 1.
mgAg M

But for the proof of convergence of method (9) for a finite-dimensional
quadratic functional we must consider the same equation (see [9], pp.
255-261), It was shown there that with the assumption made about « and
B in fact

sup max {|{p][py]} < g2 1.
mgigM

There the quantity ¢z was given depending on « and P and, in particular,

the minimum value g;. Thus Theorem 7 is applicable which proves the third
statement of the theorem.

We shall now prove the last statement. Method (10) is a particular
case of method (8) with k =2, Ty = ol and Ty = apl. All the conditions
of Theorem 8 are satisfied and it is only necessary to prove that

sup  max (Rep,, Re p,} < 3 <O,
mgiAg M

where p; and py are the roots of the equation p? = ajp + agA. But
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ar Vel + doat wt VED
Pro= ————) Repy,s = R —

g (\) = max {0, o} + 4a,)),

sup max {Re p,, Re p,} = cl_t—lzi(in—) =r, < 0.
mgAS M

Thus Theorem 8 is applicable and this completes the proof.

Note. If f(x) is a quadratic functional the given methods converge
with any initial values (instead of Theorems 7 and 8 we must use
Theorems 3 and 4). In the case of & non-quadratic functional we can ob-
tain nonlocal theorems for one-step methods [10]; for two-step methods
we have succeeded in obtaining only the most particular results of a
nonlocal type.

We shall now compare methods (9) and (11) from the point of view of
calculation. Note first of all that near the minimum point the func-
tionals, as a rule, satisfy the conditions of Theorem 9, so that the
equations given by this theorem are generally applicable. As was shown
above, the gradient method (11) with optimum choice of a converges as a

geometric progression with common ratio g3 = (M - m)/(M + m), and the
two-step method (9) with optimum choice of parameters as a geometric
progression with common ratio §, = () M — Vmy(VM + Vm). The

case where p = M/m is large is of considerable interest, so long as for
the majority of practical functions, near the minimum, f(x) varies
weakly in some direction (i.e. m is small) and strongly in another (M

is large). Note that in the terminology of Gelfand and Tsetlin [11] such
functions are said to be well organized, the first directions essential
and the second nonessential. For a quadratic functional, corresponding
to this there 1s the case of an i1l conditioned matrix (p here is the

same as P, the number of the conditionality, see [7]), For large p we

have §,=~1 — 2/p, 1i.e. g1 is near unity and the rate of convergence
of the gradient method is low., For the two-step method with large p we

have g, =~ 1——2/P/ﬁi Therefore, in order to decrease the deviation from
the minimum point e* times, in the gradient method we require a number
of iterations of the order n, = k/In g, = kp/2 but in method (9) of
the order n, = k/ln g, =~ kV;/Z. For large p we shall have n; > n,,
so that the speeding up in this case is very effective.

This is confirmed by qualitative considerations. Note that method
(10) can be described by the same equation as the motion of & body in
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a potential field (so that method (8) - a discrete analogue of (10) -
can be called "the method of & small heavy sphere"). The motion proceeds
not in the direction of the force (i.e. antigradient) because of the
presence of inertia. The term B(x" - xn-1), giving inertia to the motion,
will lead to motion slong the "essential” direction, i.e. slong "the
bottom of the trough* [11].

From another point of view method (9) requires only slightly larger
calculations at one iteration than (11),

A few words on the choice of the parameters « and . As long as the
values of m and ¥ are generally unknown the parameters have to be chosen
empirically. It is convenient to do this as follows. Initially we do the
computation with = 0, choosing the best value of « When the rate of
convergence slows down we add the term with PB. Here the slower the rate
of convergence the nearer to unity we must take 3. Generally p = 0.8 -
0.99. Simultaneously we can increase « (since the optimum « inm (9) is
approximately twice as large as in (11) for large p). We must bear in
mind that f(x™ in method (9) does not necessarily vary monotonically
from iteration to iteration and sections of increase may occur. Only if
the increase in f(z™) is stable must we decrease  and p.

We note also one merit of method (9). It will "bring in" small minima
on account of the inertia. Actually, if P(x™ is small (x" is near a
local minimum), but x” — x"-1 is large, then x?*! - x7 will also be large
and x"*!, possibly, turn out to be inside the region of attraction of
this local minimum. For this purpose (and not for speeding up convergence)
a m?th?d, similar to (9), was used to minimize some concrete functions
in 112},

Method (9) was tested in the solution of a number of problems. The
test showed that in the majority of cases it actually gives a marked
speeding up (up to tenfold) in comparison with the gradient method. At
the same time method (9) frequently gives too slow a convergence and we
have to use more powerful (but of course more laborious) methods, for
example Newton’s method.

We might similarly using the theorems of the first section also in-
vestigate other k-step methods with & > 2, but they would scarcely turn
out to be suitable for practical calculations, so long as the speeding
up which they give is low compared with the two-step method, and the
difficulties of choice of parameters in these methods sharply increase,
Mich more important (but also more difficult) for investigating classes
of methods are nonlinear and nonstationary multistep methods (i.e.
methods of the form z™! = Q,(z", ..., z"k1), where (, does
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not necessarily depend linearly on x! and P(x%)). In this area only
various disconnected results are known.

10,

11,

12.

Translated by H.F. Cleaves
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